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Abstract

In this paper, we mainly study the boundary behavior of solutions to boundary blow-up quasilinear
elliptic problem
div(|Vu|™2Vu) = b(zx) f(u), z €,
{ U\BQ = 400,

where Q is a bounded domain with smooth boundary in RN, m > 1, b € C*(Q) which is positive in
Q and maybe vanishing on the boundary and rapidly varying near the boundary.

Keywords: Large solutions, quasilinear elliptic equation, boundary blow-up, asymptotic behavior.
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1 Introduction and the main results

In this paper, we plan to investigate the exact asymptotic behavior of solutions
near the boundary for the following problem

{ div(|Vu|"2Vu) = b(z) f (u), x €,

U|8Q - +OO,

(1.1)

where the last condition means that u(z) — +oo0 as d(x) = dist(z, 9Q) — 0,
and the solution is called “a large solution” or “an explosive solution”, Q) is
a bounded domain with smooth boundary in RN (N > 2), m > 1. The
functions b and f satisfy
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(b)beC
(f1) f (S
(f2) J, ==
(fs) there exists C; > 0 such that
1 < dv
lim fr=i}(s)f’ — =0

(f1) f satisfies Keller-Osserman condition

| s i < o

Quasilinear elliptic problems with boundary blow-up
{ div(|Vu|™2Vu) = f(u(z)), =€ Q,

UlaQ = 00,

(Q) for some « € (0, 1), is positive.
[0 +00), f(0) =0, f is increasing on [0, +00);
< o0;

(1.2)

have been studied, see [1-4] and the references therein. Diaz and Letelier
[1] proved the existence and uniqueness of large solutions to the problem(1.2)
both for f(u) = u?,y > m — 1(super-linear case) and 052 being of the class
C?. Lu, Yang and E.H.Twizell [2] proved the existence of Large solutions
to the problem(1.1) both for f(u) = w7,y > m — 1,2 = RY or Q being
a bounded domain (super-linear case) and v < m — 1,2 = RY(sub-linear
case) respectively.Quasilinear elliptic equation (system) with Dirichlet problem
and other problem has been studied, see [1 — 15].
When m = 2, problems (1.1) becomes

Au=>b(x)g(u), x€Q, ulsgn=—+o0. (1.3)

The problem (1.3) arises from many branches of mathematics and applied
mathematics, and have been discussed by many authors and in many contexts.see[16-
36].

Now we introduce a class of functions. Let A denote the set of all positive
nondecreasing functions in C1(0, &y)(dy > 0) which satisfy

Jim %(%) =C) €[0,00), K(t) —/0 k(s)ds. (1.4)

The set A was first introduced by Cfstea and Radulescu [23] for studying the
boundary behavior and uniqueness of solutions of problem (1.3).

In this paper, we will investigate the exact asymptotic behavior of solutions
near the boundary for the problem (1.1), when m = 2, Zhijun Zhang [37]
have studied the boundary behavior of solutions of problem (1.3) for more
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general nonlinearities f. Our result generalize and improve the corresponding
result of [37] in some sense. In the second section, we will give some
preliminaries for the main result, in the last section, we will give the proof
of the main result.

Our main result is summarized in the following theorem.

Theorem 1.1. Let f satisfy (f1),(f2),(fs) and b satisfy (b;) and (b>), where

= (~1)"b(a)
. —1)™b(x
0 K@)k (@) -
If
2C; + (m —1)Cy > 2(m — 1), (1.6)
then for any solution « of problem (1.1) satisfies
: u(z) _
A SRR d))) (L.7)
where 1 is uniquely determined by
/ s 1 viso, (1.8)
w(t) 71 (s)
and
1 bo 1

25 G 2

2 Preliminaries

In this section, we present some bases of the theory which come from Senta
[38], Preliminaries in Resnick [39], Introductions and the appendix in Maric
[40].

Definition 2.1. A positive measurable function f defined on [a, +00), for
some a > 0, is called regularly varying at infinity with index p, written as
f € RV, if for each £ > 0 and some p € R,

)
e ()

In particular, when p = 0, f is called slowly varying at infinity.
Definition 2.2. A positive measurable function f defined on [a, +00), for
some a > 0, is called rapidly varying at infinity if for each p > 1

lim Js)

s—oo SP

= ¢r, (2.1)

= 00. (2.2)
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Clearly, if f € RV,, then L(s) := f(s)/s” is slowly varying at infinity.

Proposition 2.1 (Uniform convergence theorem). If f € RV, ,then (2.1)
holds uniformly for £ € [c1, 2] With 0 < ¢ < ¢;. Moreover, if p < 0, then
uniform convergence holds on intervals of the form (a;, c0) with a; > 0; if
p > 0, then uniform convergence holds on intervals (a;, 00| provided f is
bounded on (a4, oo for all a; > 0.

Proposition 2.2 (Representation theorem). A function L is slowly varying
at infinity if and only if it may be written in the form

L(s) = ¢(s) exp(/ @dT), s> a, (2.3)
a1 T
for some a; > a, where the functions ¢ and y are measurable and for s —
00,y(s) = 0, andp(s) — co,with ¢q > 0.
We call that .
L(s) = ¢ exp(/ Mdﬂ, s> ay, (2.4)
a1 T

is normalized slowly varying at infinity and
f(s) = cos”L(s), s> ay, (2.5)

is normalized regularly varying at infinity with index p (and written as f <
NRV,).

Similarly, ¢ is called normalized regularly varying at zero with index p
,written as ¢ € NRV Z, if t — g(1/t) belongs to NRV,. A function f € RV,
belongs to N RV, if and only if

f € C*ay,0), for some a; >0, and lim S;(S) -

Proposition 2.3. If functions L, L, are slowly varying at infinity, then

(i) L forevery 0 € R, c1L + coLq (¢1 > 0,¢9 > OWithey + ¢ > 0), Lo Ly

(if Li(t) = 400 as t — +o0), are also slowly varying at infinity;

(ii) for every 0 > 0 and t — +o00,t’ L(t) — +o0 and t = L(t) — 0;

(iii) for p € R and t — +oo, W), g gnd 2ELO) _, ),

Proposition 2.4. (Asymptotic behavior). If a function L is slowly varying
at infinity, then for a > 0 and ¢t — o,

() [i sPL(s)ds = (B +1)"""*PL(t), for B > —1;

(ii) [ s°L(s)ds = (=8 — 1) ""FL(¢), for < —1.

Proposition 2.5 (Asymptotic behavior). If a function H is slowly varying
at zero, then fora > 0 and ¢t — 07,

() [ sPH(s)ds = (B + 1)~ "' H(t), for 8 > —1;

(i) [ s°H(s)ds = (=8 — 1)~ """ PH(t), for g < —1.

(2.6)
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Our results in this section are summarized in the following.
Lemma 2.1. If f satisfies (f1), (f2) and (f3), then

(i) Cy € [1,+00);

(ii) If (f3) holds for Cy > 1, then f € NRV¢, /c;-1);

(i) Cf = 1, f is rapidly varying at infinity.

Proof (i) Let

dv
77 w)

Integrating J(s) from a(a > 0) to ¢ and integrate by parts, we obtain

t ) e’} 1 (o) d
/J(s)ds:fmrl(t)/ d—v—fml_l(a)/ eV t>a
a t a

Vo s> 0.

() ()
It follows from the I'Hospital’s rule that
R UN =
0 < lim ! D= tim = [ J(s)ds—1 = lim J(t)—1 = C;—1,
t—00 t t—oo ¢ a t—o0
i.e.,Cf > 1.

(i) By (i), we see that

. . m—1 (y
lim 2L = lim f77- ()
S§—+00 sf'(s) S§—+00 sJ(s)

ST (s) [0 e
=L lim fme @)
Cr 5% 00 $
_ Gt
=<

i.e.,f S NRch/(Cf_l) for Cf > 1.
(iif) When Cy = 1, we see by the proof of (iv) that
lim /()

s+ 5f(s)

= 0.

Consequently, for arbitrary p > 1, there exists S, > 0 such that
f'(s)
f(s)

Integrating the above inequality from S, to s, we obtain
In(f(s)) —In(f(S)) > (p+1)(Ins —InSy), Vs> 95,

> (p+1)s7!, Vs> S,
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letting s — +o0, we see by Definition 2.2 that f is rapidly varying at infinity.
Lemma 2.2. Let f satisfy (f1), (f2),(f3) and let ¢ be the solution to the

problem N
/ fis =t, Vt>0.
w() fm=1(s)
Then )
() ~0/(8) = F7T(6(8)), ¥(t) > 0, ¢ >0, ¥(0) = lim w(t) = +00, and
1
Vi) = —— a1 () [ (1), > 0;

(i) v € NRVZ,(Cf,l);

(ii)) =" = f71 09 € NRVZ_ ¢,y jm-1);
Proof. By the definition of «» and a direct calculation, we show that (i)
holds. (ii) It follows from the proof of Lemma 2.1 that

, 1 fml—l (8) fOO ﬁ
W) () D Ll O
t1—1>0+ V(t) —t1_1>r£r W(t) B sginoo S = (G =),

i.e., (VNS NRVZ_(Cf_l).
(ili) (f3) implies

lim 278 = — Jim L f T () £ (6 (1))

10+ V') t—0+ M1
_ Y e ! 00 dv
= SETOO o ¥ AL - H(s)f'(s) I 7T (o)
= —Cy/(m —1).
Lemma 2.3. £ € A implies:
(i) lim LIORENGE
t—0+ ()

o KK @) _
(i) Cx € 0,1] and t1—1>%l+ o 1— C.

3 Proofs of the main result
Before prove our main results,we give the following Lemma 3.1( From [2,4]).
Lemma 3.1. (weak comparison principle) Let 2 be a bounded domain in

RN (N > 2) with smooth boundary 9Q and ¢ : (0,a) — (0, a) be continuous
and non-decreasing, let u;, u, € WH™(Q) satisfy

/]Vu1|m_2Vu1V1/}dx+/g0u1¢dm§ / |Vu2|m_2Vu2V¢dx—|—/<pu2@Z)da:,
Q Q Q Q
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For all non-negative ¢ € W, (). Then the inequality
u; < Uz, on 89,

implies that
U1 < Ua, in Q.

Now let vy, € C?*2 N C1(Q) be the unique solution of the problem
div(|Vue|" *Vug) =1, v >0, 2€Q, wvplag = 0. (3.1)
By the Hopf maximum principle in [41], we see that
Vug #0, Ve ed, and cd(z)<vy<cd(x), Vael, (3.2)
where ¢y, ¢, are positive constants. For any § > 0, we define
Qs ={xeQ:0<d(x) <}
Since 2 is smooth, there exists d, > 0 such that d € C*(€;,) and
|Vd(z)| = 1. (3.3)

Proof of Theorem 1.1. Let £ € (0, ™v/by/4) and

2Ty n 2e7y
™ =T0 — ——— T2 = T0 — .

It follows that
’7'0/2 <7 < Ty < Ty < 27.

By (b1), (b2) and Lemma 2.1-2.3, we see that there is J. € (0, dy/2)(which is
corresponding to ¢) sufficiently small such that )
(r1) (bo — €)k*(d(x) — p) < (b — £)k*(d(2)) < b(x), @ € D = Qas, /Qy;

b(z) < (bo+e)k?(d(x)) < (bote)k*(d(x)+p), = D ane_p, where p €
(0,0:) -
(r9) Fori=1,2,

4(270)"™ | (m — 1) K3 (8) for ((R K2t )))f’(¢(TzK2(t))) — Cyl+2(2m)"!

(m = D)2 — (1= Gl +2(20)" (| Ad(@)] < &, ¥z, 1) € Qas. x (0,25)

Let
di(z) = d(z) —p, dao(x) =d(z) +p, (3.4)
. = Y(nK*(di(z), zeD, and wu, =9(rnK*(dy(z)) =€ D). (3.5)

e
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It follows that, for z € Dy

div(|Vu|™*Vu) - b(2) f (u(z))
= (2n)™ " (m = 1) (' (r K(da ())))" " (11 K2 (da ()2 K™ (da () ) B™ (da ()
+(m = D) (1 K2 (dy (2))" LK™ 2 (d () k™ (dy ()
+(m = 1) (1 K2 (dy ()" K™ (d (2))k™ 2 (dy (2) K (da ()
(@' (K (dy ()" K™ (da () K™ (da () Ad ()] = b(x) f(r1 K (da ()

( (z
= (=)@ (K2 (dy(2)))) k™ (dy () K™ (dy (2 ))[2’”71 “H(m = 1) K?(dy(2))
FrT (K3 (dy(2)))) f/ (p( K2 (di (2))) — Cp) + 21 ™1 Cp — (m — 1)(2m)™"
—(m —1)(2m)™" (%—( Cy)) — (m —1)(2m)™" 1(1—Ck)
—(2m)™" 11,:(;1(;: K@) A () — S= 2((d11(3:;)bk(i)dl( ) — bo) — bo]
<|=D)7f@ (Tle(dl(x))))km(dl(x)) “(dy () {(2m)™ M 2[(m — 1)1 K3 (di ()
fm 1_1(¢(71K2(d1( IS @ (rK?(di(x)))) — Cl + (m 1)|W — (1= Cy)l
FEBEN A G 420 m1C — (m— 1)(2r)™ (m — 1)) (1 - C)
~ (%= 2<(d1<3§)l2(i)(d1<x)> = bo) = bo}
< (2n)" sy — (e ngitggm)(dl — o)

+(2m)" 7 2Cs + (m = 1)Cp = 2(m )]—bo
<g-s+ by — b <0,

i.e., u. is a supersolution of Eq.(1.1) in D .
In a similar way, for = € D;

diV(IVU|m_2VU) — b(x) f(u.(z))
= (2m)™ M(m — 1) (¢ (1 K3 (da ()" 2" (1o K2 (da () ) 272 K™ (do (2) ) k™ (do ()
+(m = 1) (1o K3 (da ()™ K™ (dy () ) K™ (do ()
+(m — 1) (Y (1o K% (da()))) ™ K™ (do () )R 2 (da () )R (do ()
+ (W (1o K (da ()" K™ (da (2 ))km Hdo(2))Ad(x)] — () f (o K (da())))
= (—=1)" f((roK?(da()))) k™ (da(0)) K™ (da(2))[2™

) i

= ( 1 2 7" (m — 1)1 K?(da())
Frr T (W (K (do(2)))) [ (Y (1 K2 (do()) = C) + 271" Cp — (m = 1)(27) ™
—(m — 1)(27) " (MDD (1 0y)) — (1 — 1)(2r) "™ e

—(2n)" VT (@) — (st — o) — bol

> |(= 1)mf(¢(TzK2(dz( DK™ (do () K™2(da())[{ (272) ™ [=2|(m — 1)1 K*(da ()
fm i <w<nK2<dg< IS (W (72 K3 (ds()))) = O = (m — 1)|HEEDHLE) (1 — )]

= |Ad( )+ 2m72m*10f—(m—1)(272) Hm —1)(2m)" (1 - Cy)

(e ) — )

€ (=1)™b(x)
(27‘2)m 12(27_0)m T (Km 2(da(x))k™ (d2(z)) bO)
+<272)m—1[20f + (m = 1)Cy = 2(m — 1)] = by

€ (27.)777,71
2_54’8—'—(2;)#[)0—()020.
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We can show that u, is a subsolution of of Eq.(1.1) in Df. Now let u be
an arbitrary solution of problem (1.1), we assert that there exists a positive
constant M such that

u < Muvo(z) + ., v€D,, (3.6)

u, <u+ Muvy(z), =€ Dy, (3.7)

where vy is the solution of problem (3.1). In fact, we may choose a large M
such that

u < Muvg(z) +ae, on Dy :={x € Q:d(x) =26}

By (f1), we see that Muvy(x) + u. is also a supersolution of Eq.(1.1) in D .
Sinceu <u.onl,:={zr € Q:d(x)=p}, (3.6) follows by Lemma 3.1. In a
similar way, we can show (3.7). Hence, » € D, N Df, by letting p — 0, we
have

1 Muy(z) < u(x)
(1 B2(do(2))) — P(2h(do(2)))
and
u(z) <14 Muvy(z)
U(nK?(da(x) = (nKP(da(x)))
Consequently,

. u(z) . u(z)
Ls i it w9 S SR e S

Thus by letting ¢ — 0, we have

lim u(x) =1.

d(z)—0 (1o K2(da()))

The proof is finished.
The existence of solutions to problem (1.1) is similar as that in [4], so we
omit it in this article.
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