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Abstract 
This article focuses on the study of crushing rocks that can replace clinker in 
low-carbon cement. A laboratory ball mill was used, varying the duration of 
the grinding. It has been observed that the specific surface of rocks changes in 
a nonlinear way with time, due to the agglomeration of particles. To this end, 
a mathematical model describing this evolution, which considers van der 
Waals forces, has been proposed. And finally, the model was adjusted re-
garding the experimental data. The results found show that the present model 
is more accurate than the classical models, because it considers the agglome-
ration phenomenon.  
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1. Introduction 

Grinding modifies the specific surface, the particle size distribution, and the 
morphology of the particles, which have an impact on the physicochemical and 
mechanical properties of the materials. In the cement industry, grinding fineness 
is an essential criterion that conditions and characterizes the quality of the final 
product. The real-time evaluation of this fineness is an important parameter of a 
grinder, which requires prediction using reliable mathematical models, consi-
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dered as key elements to ensure the quality parameters of the product while 
optimizing the energy efficiency. Grinding aims to prepare the ground ma-
terial to achieve a grinding fineness suitable for specific applications. This 
fineness is usually expressed in terms of Blaine-specific surface and percen-
tage of rejection at the 45-micron sieve. The physical and chemical properties 
of the material are closely related to the grinding fineness obtained, an im-
portant parameter that can significantly affect the performance of the final 
product [1] [2] [3]. 

The literature proposes models for the grinding of materials and their key pa-
rameters [4]-[12]. These authors consider the factors that influence the grinding 
(type of material, grinder, operating conditions, interactions between particles). 
Some authors report that the agglomeration of fine particles, due to van der 
Waals or electrostatic forces [13] [14] [15] [16] [17], leads to the decrease of the 
specific surface and consequently the increase of the energy consumption and 
the modification of the product properties. Blanc et al. [18] analyzed the long-term 
grinding of silica sand in an oscillating ball mill. They highlighted the correlation 
between the agglomeration of fine particles and the volume fraction of the finest 
ones, which influences the specific surface as a function of grinding time. They 
developed a nonlinear comminution model that modifies Rittinger’s law with a 
term function of the volume fraction of the finest ones. They fitted the model to 
the experimental data, and they confirmed its ability to reproduce the specific 
surface as a function of grinding time. 

Yang et al. [19] studied polymer-based additions to improve the grindability 
of cement. They showed that the polymer-based grinding aid increases the spe-
cific surface, prevents agglomeration and ball coatings, and improves the 
roundness, fineness and fluidity of the ground cement. Ghalandari and Iranma-
nesh [20] analyzed the energy and exergy of a cement ball mill to improve the 
grinding efficiency. According to Katsioti et al. [21] [22], grinding additives in-
fluence the grindability of cement, as they showed by spectroscopic and chro-
matographic techniques. Toprak et al. [23] [24] also studied the effect of grind-
ing additives on the grinding and fineness of cement, considering the material 
transport in the mill. Zunino and Scrivener [25] used alkanol amines as grinding 
aids to reduce the agglomeration of cement particles. This paper compares the 
grinding kinetics of rocks from Kongo Central [26] and an industrial clinker in a 
laboratory ball mill. We measure the specific surface as a function of grinding 
time. We model the specific surface by nonlinear functions and propose a ma-
thematical model descriptive of the grinding phenomenon. We analyse the ef-
fects of agglomeration on individual grinding and suggest strategies to mitigate 
or avoid it, to improve the efficiency and quality of the process. The agglomera-
tion of particles in cement ball mills is influenced by inter-particle forces, which 
vary with particle sizes. Giraud [27] proposed a diagram illustrating the attrac-
tion and adhesion forces of masses as a function of particle diameters, which al-
lows to explain the agglomeration mechanisms in a ball mill. 

The efficiency of cement ball mills without additives is limited by the re-agglo- 
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meration of fine particles and the coating of grinding media, which hinder the 
achievement of optimal powder fineness, even by increasing the grinding time 
[28]. To analyze this problem on different types of rocks, it is necessary to de-
termine the optimal grinding time that allows it to reach a maximum specific 
surface and to examine the possible solutions to improve the process. A possible 
approach is to model the grinding kinetics of the granular system [29] [30]. In 
this paper, we propose several mathematical models to describe the dry micro-
nization kinetics of various rocks in a laboratory ball mill. The objective is to 
better understand the Van der Waals interactions within a granular system, such 
as a rock undergoing micronization, as well as the origin and prediction of the 
agglomeration phenomenon [31] [32]. This study can have practical implica-
tions for the industry, by facilitating the understanding of the grinding mechan-
isms and the use of grinding aids [33] [34]. This contribution is relevant both 
academically and industrially. Chodakov [35] [36] established a mathematical 
relationship between the specific surface, the maximum specific surface, the 
grinding constant and the grinding time. Opoczky [37] [38] distinguished three 
grinding regions: the Rittinger region where energy is proportional to the crea-
tion of new surfaces without intra-particle interactions, the aggregation region 
where inter-particle interactions are governed by cohesive Van der Waals forces 
and break linearity, and the agglomeration region where performance decreases 
with fineness. These models are useful academically and industrially, as they 
help to understand and optimize the grinding of granular systems [33] [37] [39]. 

Gabor Mucsi et al. [39] [40] showed that the specific surface increases rapidly, 
then more slowly, and reaches a maximum, indicating the saturation of grinding. 
The additional energy lowers the Blaine. The agglomeration and aggregation of 
rock particles are explained by the van der Waals forces between the molecules, 
which form inter-particle bonds that are difficult to break during grinding [41]. 
These forces are short-range electrostatic interactions due to fluctuations in the 
charge density of the particles. They are weaker than covalent or ionic bonds, but 
they are important in many fields such as supramolecular chemistry, structural bi-
ology, polymer science, nanotechnology, surface science and condensed matter 
physics [42] [43]. The van der Waals forces influence the grinding by promoting or 
hindering the agglomeration and aggregation of particles depending on the charac-
teristics of the ground materials, the particle size, the temperature, and the grinding 
conditions [44]. These phenomena affect the grindability of clinker, i.e. its ease to 
be reduced to fine powder. The grindability of clinker also depends on its chemical 
and mineralogical composition. Unland et al. [45] [46] proved that the grindability 
of clinker improves with alite and degrades with belite. Therefore, these factors 
must be considered to design high-quality cements, optimize the production process 
and minimize the energy consumption required for grinding. 

2. Materials and Methods 

In this part, we present the materials and methods for the grinding monitoring 
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of the three reactive rocks in a cement laboratory as well as the clinker. A de-
scription of the rocks is given, as well as the grinding, the measurements of the 
specific surface and the fineness of the powders, and the chemical and minera-
logical analyses. We also explain the mathematical models to fit the data and 
evaluate the kinetic parameters. 

2.1. The Rocks of Study 

The rocks studied in this article are semi-finished materials, which can be used 
as substitutes or additives in the manufacture of cement. They are clinker with 
high belite content, as well as basalt, metabasalt and dolerite. The chemical (mi-
neralogical) compositions of these rocks (Dolertite, Basalt and Metabasalt) were 
determined by X-ray diffraction technique and are presented in Table 1 and Ta-
ble 2. 

Table 1 presents the chemical compositions (in oxides) of the rocks under in-
vestigation. The SiO2 and Al2O3 content ranges from 56.96% for the dolerite to 
63.5% for the metabasalt, with 60.69% for the basalt in between. These oxides 
form covalent bonds, which are harder to break than ionic bonds [48]-[53]. 

Therefore, the dolerite should be less crushable than the basalt, whereas the 
metabasalt should be the most crushable according to this criterion. Table 2 
presents the mineralogical composition of the rocks under investigation, deter-
mined by the X-ray diffraction technique. It is noted that the basalt mainly con-
sists of plagioclases, pyroxenes and olivine, that the dolerite is dominated by 
amphiboles and biotite, and that the metabasalt mostly comprises epidote and 
quartz. The relative proportions of these minerals can affect the physical and  
 
Table 1. X-ray fluorescence analysis of three geomaterials under investigation [47]. 

 
Dol. Bas. Meta. 

SiO2 44.44 46.25 49.3 

Al2O3 12.52 14.44 14.2 

Fe2O3 16.18 15.85 12.7 

CaO 11.27 8.86 15.7 

Na2O 2.46 4.4 0 

K2O 0.79 0.33 0.14 

TiO2 1.98 2.29 0.91 

MnO 0 0.15 0 

P2O5 0.19 0.31 0.15 

MgO 7.33 3.44 3.05 

SO3 0.25 0.23 0.03 

P. F 2.83 3.65 2.05 

K2O + Na2O 3.25 4.73 0.14 
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Table 2. X-ray diffraction mineralogy of three geomaterials under study [47] and com-
puted Mohs hardness. 

Minerals Bas. Dol. Meta. 

Albite 24.53 5.96 3.86 

Anorthite 28.73 7.15 0 

Diopside 7.68 0 6.32 

Biotite 0 7.05 0.96 

Olivine 1.56 0 0 

Chlorite 19.56 28.96 3.24 

Amphibole 2.62 33.46 9.73 

Hypersthene 13.2 0 1.28 

Quartz 0.98 6.93 23.56 

Orthoses 3.14 0 8.22 

Epidote 0 10.49 42.83 

 
mechanical properties of the rocks, as well as their suitability for various indus-
trial applications. Albite and orthoclase are silicate minerals, which can enhance 
their reactivity with lime and improve the performance of cement. For the 
clinker, the results of its mineralogy are provided in Table 3. 

Table 3 shows the mineralogical composition of the clinker used in this ar-
ticle, determined by the X-ray diffraction technique. The clinker is essentially 
composed of two mineral phases: tricalcium silicate (C3S) and dicalcium silicate 
(C2S), which account for 34.1% and 40.1% of the total mass, respectively. The 
clinker also contains tricalcium aluminate (C3A) and tetracalcium ferroalumi-
nate (C4AF), but in lower proportions (9.1% and 14.7%, respectively). Other 
minerals are present in traces in the clinker, such as arcanite (K2SO4), langbeinite 
(K2Mg2(SO4)3), portlandite (Ca(OH)2), quartz (SiO2) and aphthitalite (K3Na(SO4)2), 
as well as free lime (CaO) and periclase (MgO). 

2.2. Jaw Crusher 

The crusher used in this article is a jaw crusher Figure 1, which works by com-
pressing the aggregates between two steel plates, one fixed and the other mova-
ble. The steel plates are coated with a wear-resistant material and can be adjusted 
to control the size of the crushed products. The crusher is fed by a hopper that 
dumps the aggregates into the crushing chamber formed by the steel plates [56] 
[57]. This crusher complies with the standard (EN 349:1993) on machine safety. 
This equipment allows to reduce the size of the aggregates to less than 7 mm, in 
accordance with the requirements of the ball mill grindability test, whose cha-
racteristics are presented in Table 4 and Table 5. 
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Table 3. X-ray diffraction mineralogy of clinker under investigation [26] and computed 
Mohs hardness. 

Minéraux Clinker Taux % Dureté Mohs 

C3S 34.1 4.5 

C2S 40.1 6 

C3A 9.1 6 

C4AF 14.7 5.5 

Arcanite 0.1 3 

Langbeinite 0.6 3.5 

Portlandite 0.2 2.5 

Free Lime 3.9  

Periclase 0.6 6 

Aphtitalite 0.3 3 

Quartz 0.2 7 

 
Table 4. Shapes, dimensions and quantity of Grinding media. 

Name Diameter Q’ty (pc) Weight Picture 

Steel 
Ball 

40 43 

60 

 

50 37 

60 24 

70 9 

Wroght Steel D 374 40 

 
 ( )mm L mm

25 30
∗
∗

   

 
Table 5. Specifications of the Mill elements (SM-500). 

Diameter & length (internal) 500 * 500 mm2 

Mass of Grinding media 100 kg 

Maximum grain size 7 mm 

Loading capacity ≤5 kg 

Rotation speed ≈48 r/min 

Grinding time ≈30 min 

Net weight of the machine ≈300 kg 

Motor power 1.5 KW 

Voltage 220 V/380V 
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Figure 1. Schematic of a jaw crusher [54] [55]. 

2.3. Laboratory Ball Mill 

The pilot-scale ball mill is used to study and analyze the grinding process of 
these rocks. Table 4 and Table 5 show the dimensions of the grinding media 
(balls), as well as other characteristics. 

The ball mill used in this article is the SM-500 model from the Cement Test 
Mill brand. It is a laboratory mill consisting of a horizontal cylindrical drum of 
500 mm in diameter and length, filled with 100 kg of steel balls. This mill can 
process 5 kg of rocks per cycle, which corresponds to a loading ratio of 20. The 
mill uses balls of different sizes and shapes, in order to create an optimal ar-
rangement of balls in the drum, which maximizes the contact surface with the 
rocks and minimizes the void spaces between the balls [41]. This method allows 
to optimize the grinding performance, by reducing the time required to reach 
the required fineness, as well as the associated energy consumption [58]. The 
technical characteristics of the mill are summarized in Table 4 and Table 5. 

The ball mill grinding depends on the rotation speed of the drum, which can 
be classified into three regimes: cascade, cataract and centrifugation. Figure 2 
schematizes these regimes. The cascade regime, which corresponds to a low ro-
tation speed, induces friction between the balls and the wall of the drum, which 
is inefficient for grinding. The centrifugation regime, which corresponds to a 
rotation speed higher than the critical speed, causes the adhesion of the balls to 
the wall of the drum, which is also inefficient for grinding. The cataract regime, 
which corresponds to an intermediate rotation speed, involves a movement of 
the balls in free fall, which generates impacts between the balls and the particles 
to be ground. This regime is the most efficient for grinding hard materials. 

The critical speed of the mill is defined as the minimum speed at which the 
balls are driven by the centrifugal force without falling. It depends on the inter-
nal diameter of the drum and can be calculated by the following formula: Vcrit-
ical = 42.4/(Di)0.5 where Vcritical is expressed in m/s and Di in m. The cataract  
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(a)                 (b)                 (c) 

Figure 2. Rotation (a) Mode cascade (b) Mode cataracte (c) centrifugal mode [59] [60]. 
 
speed of the mill is defined as the optimal speed at which the balls move in cata-
ract, i.e. they are lifted up to a certain height and then fall freely. It depends on 
the diameter and mass of the balls and can be estimated by multiplying the criti-
cal speed by a cataract coefficient, usually between 0.6 and 0.8. A commonly 
used value for the cataract coefficient is 0.75 [61]. Thus, the cataract speed can 
be calculated by the following formula: Vcataract = 0.75 * Vcritical. This correla-
tion produces Table 6. 

The critical rotation speed of the drum as a function of the diameter in cata-
ract and critical modes is represented in Figure 3. 

2.4. Automatic Blaine Meter 

The measurement of the grinding fineness or grindability is done with a Blaine 
measurement device as shown in Figure 4. 

The grindability was evaluated at regular time intervals (5 to 10 minutes) us-
ing the Blaine method, which consists of measuring the air permeability of a 
compacted powder bed according to the European standard (EN 196-6). The 
specific surface area of the powders was calculated from the permeability by ap-
plying the Blaine formula, which establishes a relationship between these two 
parameters [62] [63]. 

2.5. A Matlab/Simulink R2020b  

Matlab/Simulink R2020b software with its Curve Fitting Tool library to plot and 
fit the experimental points “Blaine (cm2/g) vs. Grinding time (min)”. This study 
selected four mathematical models: the logarithmic model (Modified Rittinger), 
the logistic model, the quadratic polynomial model and the two-component ex-
ponential model. The corresponding equations are summarized in Table 7.  

The constants and statistical parameters R2, RMSE and SSE of the four models 
were calculated using the Matlab tool. These criteria were used to select the best 
model for each rock. The constants of the models have the following physical 
meanings. 

2.5.1. Logistic Model: ( ) ( )( )k t tk tA A L 0 00
1 0e 1 1 e− −− ⋅ + = +  

For the logistic model, L = A1 represents the asymptotic limit of the Blaine, k = 
k0 represents the maximum growth rate that determines the speed at which the 
logistic curve reaches its upper limit. This constant depends on the hardness of  
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Figure 3. Graphical representation of the speed as a function of the internal diameter of 
the drum. 
 

 

Figure 4. Device for the specific surface. 
 
Table 6. Critical rotation speed of the drum as a function of the diameter and the cataract 
coefficient. 

D 
(m) 

42.3/D0.5 

Critical (rpm) 
Vcataract 
(rpm) 

0.1 134 107 

0.2 95 76 

0.3 77 62 

0.4 67 54 

0.5 60 48 

0.6 55 44 

0.7 51 40 

0.8 47 38 

0.9 45 36 

1 42 34 

https://doi.org/10.4236/jmmce.2023.116017


S. V. Max et al. 
 

 

DOI: 10.4236/jmmce.2023.116017 233 J. Minerals and Materials Characterization and Engineering 
 

Table 7. Presentation of mathematical models to describe the kinetics. 

Modèle-1. Logarithmique ( )0 1e 1 ek t c tA A a b− ∗ − ∗+ = −  

Modèle-2. Logistique ( ) ( )( )00
1 0 e 1 1 e k t tk tA A L − −− ∗∗ + = +  

Modèle-3. Quadratique 2 2
2 1 0A t A t A a bt ct+ + = + +  

Modèle-4. Exponentiel-2 ( ) ( )0 1
0 1e e 1 e 1 ek t k t c t e tA A a b d− ∗ − ∗ − ∗ − ∗+ = + − + −  

 
the rock, the energy provided by the mill and the operating conditions (temper-
ature, pressure…). A higher k constant corresponds to a faster increase in the 
fineness of the powder. Constant t0 represents the time required to reach half of 
the asymptotic value of the Blaine. 0

0 ek tA ⋅=  

2.5.2. Logarithmic Model: ( )k t c tA A a b1 0e 1 e− ⋅ − ⋅+ = −  

The logarithmic model is characterized by the constants a = A1, b = −A0/A1 and c 
= k, which influence the shape of the logarithmic curve. This curve can be de-
scribed by the function a * (1 − b ∙ exp(−kt)), which can be rewritten as S(t) = A1 
− A1 ∙ B ∙ e−k∙t. The constant B represents the fraction of the difference between 
the asymptotic fineness A and the initial fineness of the powder that remains to 
be reached after a given grinding time. More specifically, B is equal to ((A1 − 
S0)/A1), where S0 is the initial fineness of the powder. The constant B is impor-
tant because it determines how fast the fineness of the powder approaches its 
asymptotic fineness A1. If the value of B is low, it means that there is a large frac-
tion of the difference to be reached after a given grinding time, which results in a 
slower evolution of the fineness of the powder towards its asymptotic fineness 
A1. However, this can also be advantageous in some cases. 

2.5.3. Exponential-2 Model: ( ) ( )k t k t c t e tA A a b d0 1
0 1e e 1 e 1 e− ⋅ − ⋅ − ⋅ − ⋅+ = + − + −  

The exponential-2 model relies on the constants a, b, c, d and e, which deter-
mine the shape of the double exponential curve. The process of Blaine growth as 
a function of grinding time can be compared to a radioactive decay with filia-
tion. During radioactive decay, an unstable nucleus decays into a more stable 
nucleus by emitting particles or energy. Similarly, when grinding rocks, the large 
and unstable particles break into smaller and more stable particles, which results 
in an increase of the Blaine over the grinding time. The Blaine growth slows 
down with time because there are fewer large and unstable particles to fragment. 
This phenomenon is similar to that of radioactive decay where the number of 
unstable nuclei decreases as they decay, while the number of stable nuclei in-
creases. It can be assumed that in both cases, the decay rate is independent of the 
complexity of the process [64] [65]. The Blaine growth model with two expo-
nentials is described by the equation Blaine(t) = 0 1

0 1e ek t k tA A A− −+ ⋅ + ⋅ . The 
physical constants A, A0, A1, k0 and k1 each have a particular meaning to describe 
the kinetics of Blaine growth. A represents the maximum value of the Blaine 
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achievable after an infinite grinding time, A0 and A1 represent the amplitude 
factors of the two exponentials that determine the initial and long-term growth 
rate, and k0 and k1 represent the time constants that characterize how fast the 
Blaine reaches its first and second peak. 

2.5.4. Quadratic Model or Polynomial-2: A t A t A ct bt a2 2
2 1 0+ + = + +  

The constant a represented the self-crushing effect of the particles during grind-
ing. It reflects the decrease of the specific surface Blaine increase rate with 
grinding time and acts as the leading coefficient of the curve. The constant b = 
A1 represents the initial rate of increase of the specific surface Blaine, corres-
ponding to the slope of the tangent to the graph of Blaine versus time at the ori-
gin point. The constant c = A2 represents the y-intercept that corresponds to the 
initial Blaine. These constants allow us to characterize the kinetics of Blaine 
growth as a function of grinding time, using a parabolic curve to describe the re-
lationship between the specific surface Blaine and the grinding time. The con-
stants and statistical parameters of the models are presented in Table 8. 

To fit the different mathematical models to the experimental data, we used the 
MATLAB Cftool tool by following the steps below: 

1) We imported the data from an Excel or CSV file into MATLAB. 
2) We opened Cftool by typing “Cftool” in the MATLAB command window 

and pressing Enter. 
3) We selected “Import Data” from the “File” menu and chose the file con-

taining our data. 
4) We indicated the columns corresponding to the times and Blaine mea-

surements in the “Import Data” window. 
5) We clicked on “Create Fit” in the upper right corner of the window. 
6) We chose the type of model to fit the data among the following models: the 

logistic function, double-component exponential, logarithmic, or quadratic po-
lynomial. 

7) We specified the model parameters, such as constants or coefficients. 
8) We clicked on “Fit” to fit the model to the data. 

 
Table 8. The constants and statistical parameters used. 

Notation Meaning 

Model Constants 

Ai Model Coefficient 

Ki Exponential Constant 

Statistical parameters 

R2 Coefficient of determination 

RMSE Root mean square error 

SSE The sum of squared errors 
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9) We analyzed the results of the fit to evaluate the quality of the model. We 
consulted the model parameters, the fit statistics and a graphical representation 
of the data and the fitted model. 

10) If necessary, we modified the model parameters and repeated the fit until 
we obtained satisfactory results.  

3. Results 
3.1. Blaine 

We measured the specific surface Blaine (SSB) of four rocks after grinding at 
different times. The experimental results are summarized in Tables 9-12. These 
tables indicate the average specific surface Blaine (SSB-average) calculated from 
three repetitions for each grinding time. 
 
Table 9. Measurement of the Blaine as a function of the grinding time of the Nduizi 
Dolerite. 

Time 
(min) 

Bl-1 
Cm2/g 

Bl-2 
Cm2/gr 

Bl-3 
Cm2/g 

Average. 
Cm2/g 

10 1378 1570 1766 1571 

20 3088 3203 2778 3023 

30 4134 4140 4140 4138 

40 4614 4617 4639 4623 

50 4895 4771 4918 4861 

60 5470 5578 5474 5507 

70 5995 6009 6135 6046 

80 6160 6285 6260 6235 

 
Table 10. Measurement of the Blaine as a function of the grinding time of the mainly 
Belitic Clinker. 

Time 
(min) 

Bl-1 
Cm2/g 

Bl-2 
Cm2/g 

Bl-3 
Cm2/g 

Average 
Cm2/g 

10 996 1099 1099 1065 

20 1023 1343 1496 1287 

30 2015 2066 2066 2049 

40 2490 2477 2464 2477 

50 2781 2751 2760 2764 

60 2827 3075 3080 2994 

70 3067 3280 3258 3202 

80 3478 3478 3480 3479 

100 3632 3659 3606 3632 
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Table 11. Measurement of the Blaine value as a function of the grinding time of Kasi Ba-
salt. 

Time 
(min) 

Bl-1 
Cm2/g 

Bl-1 
Cm2/g 

Bl-1 
Cm2/g 

Average 
Cm2/g 

10 1760 1790 1720 1757 

20 2910 2950 2870 2910 

30 3760 3760 3720 3747 

40 4460 4480 4420 4453 

60 5040 5065 4980 5028 

 
Table 12. Measurement of the Blaine fineness as a function of the grinding time of Mata-
di Metabasalt. 

Time 
(min) 

Bl-1 
(cm2/g) 

Bl-2 
(cm2/g) 

Bl-3 
(cm2/g) 

Average 
(cm2/g) 

10 2090 2024 2054 2056 

20 2841 2029 2432 2434 

30 3345 3380 3359.5 3361.5 

40 3777 3759 3765 3767 

50 4127 4043 4082 4084 

3.2. Statistical Parameters and Constants of the Mathematical  
Models 

Table 13 shows the values of the statistical parameters and constants of the logistic, 
double exponential, logarithmic and parabolic models fitted to the experimental 
data on the Blaine growth. The table presents the results of fitting four mathemati-
cal models to the experimental data of the Blaine-specific surface area (SSA) as a 
function of the grinding time for four types of rocks. The model parameters, the 
coefficient of determination (R2), the sum of squares of errors (SSE) and the root 
mean square error (RMSE) are given for each model and each rock. The table al-
lows us to compare the performance of the models and to choose the most suitable 
one for the data. It can be observed that the two-component exponential model is 
the most performant for the dolerite, the clinker and the metabasalt, with the high-
est values of R2 and the lowest values of SSE and RMSE. 

For the basalt, the quadratic polynomial model is slightly better than the 
two-component exponential model. The logistic model is the least performant 
for all types of rocks, except for the basalt where it is comparable to the loga-
rithmic model. The logarithmic model is also poorly performant, except for the 
dolerite where it is comparable to the quadratic polynomial model. According to 
Table 13, the two-component exponential model seems to be the most suitable 
for most types of rocks, as it shows the best indicators of fit quality. The qua-
dratic polynomial model is also suitable for the basalt, where it is slightly supe-
rior to the two-component exponential model. The logistic and logarithmic 
models are the least suitable, as they show the worst indicators of fit quality. 
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Table 13. Statistical parameters and coefficients of the mathematical models used, ob-
tained by Matlab R 2020b. 

Rocks Para. Logarithmic Logistic Poly-2 Expo-2 

Dolerite 

A0 1.003 4.221 580.1 3707 

A1 6892 6217 129.8 −5141 

A2 - - −0.7527 - 

k0 0.02796 0.06296 . 0.00668 

k1 - - - −0.0759 

R2 0.9881 0.9706 0.9807 0.9944 

SSE 2.069e+05 5.127e+05 3.375e+05 9.79e+04 

RMSE 203.4 320.2 259.7 156.5 

Clinker 

A0 0.9092 3.657 538.5 10400 

A1 4213 3696 57.83 −9968 

A2 - - −0.2698 - 

k0 0.01942 0.04811 - −0.00402 

k1 - - - −0.01101 

R2 0.9981 0.9939 0.9976 0.9983 

SSE 9389 30340 11820 8467 

RMSE 43.33 78.02 48.61 46.01 

Metabasalt 

A0 0.7892 −2.142 1202 3334 

A1 4896 4379 94.63 −2472 

A2 - - −0.7457 - 

k0 0.03098 0.06603 - 0.004872 

k1 - - - −0.05379 

R2 0.9998 0.9981 0.9989 1 

SSE 592.8 4833 2753 39.56 

RMSE 17.22 49.16 37.1 6.29 

Basalt 

A0 1.001 4.308 384.5 −6.057e+08 

A1 5717 5170 148.7 +6.057e+08 

A2 - - −1.188 - 

k0 0.03612 0.08243 - −0.01299 

k1 - - - −0.01299 

R2 0.9984 0.9987 0.9998 0.9993 

SSE 1.06e+04 8873 1302 4752 

RMSE 72.85 66.61 25.51 68.93 
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3.3. Smoothing Curves with Matlab. Figure 5 Provides the Shapes  
of the Blaine as a Function of the Grinding Time 

3.3.1. Smoothing Curves with Matlab 
Figure 5 Provides the shapes of the Blaine as a function of the grinding time. 
The logistic and exponential functions are satisfactory for modeling the grinding  
 

 

Figure 5. (a) Exponential. (d) Logistic. (b) Parabolic and (c) Logarithmic models for the Basalt, (e) Exponential, (h) Lo-
gistic, (f) Parabolic and (g) Logarithmic models for the Belitic clinker. 
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kinetics aiming at a given Blaine, lower or equal to the asymptotic Blaine. Com-
pared to the parabolic functions, their ability to describe the phenomena of 
downward trend and re-agglomeration of particles is limited. 

Figure 6 shows the same models but for the Metabasalt and the Dolerite. 
 

 

Figure 6. (a) Polynomial, (b) Logarithmic, (c) Two-component exponential and (d) Logistic models for Metabasalt (e) Polynomi-
al. (f) Logarithmic. (g) Two-component exponential and (h) Logistic models for Dolerite. 
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The parabolic function for the downward trend and the coupled logistic and 
parabolic models can be considered as more suitable in the graphical description 
of the phenomena of linearity according to Rittinger, agglomeration according 
to logistic and aggregation according to the parabola. All this is visible in the 
curves of Figure 7. 

3.3.2. Comparative Curves 
These curves show that this study contributes to the understanding and optimi-
zation of rock grinding in the cement industry. By observing the curves of the 
evolution of the Blaine obtained as a function of the type of rock and the ma-
thematical model applied; we identify the zones of Rittinger, aggregation and 
agglomeration. These zones imply physical and chemical phenomena involved 
in the grinding of particles and determine the optimal grinding conditions for 
each case. 
 

 

Figure 7. Comparative plot of (a) and (b) the polynomial shapes, (c) the logistic shapes, Comparative plot (d) of the logarithmic 
shapes. 
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We thus propose an improved model. This model is based on a piecewise con-
tinuous function that takes into account the two trends observed: the ascending 
zone up to the peak, followed by the decreasing zone of Blaine. We propose a ta-
ble using the evolution of the average Blaine as a function of time obtained expe-
rimentally in the extended grinding of Clinker from Table 14.  
 Coupled function: ( ) ( ) ( )21 e ctS t a b dt et f−= + + + + ,  

 Logistic function: ( ) ( )1 e ctS t a b −= +   

 Piecewise continuous function:  

( ) 0

2
1 2 0

if
1 e

if

ct
a t t

S t b
a t a t c t t

−
 ≤= + ⋅
 + + >

 

If we use a coupled logistic and second-order polynomial function to model 
the grinding of rocks, we obtain a shape whose graph is shown in Figure 8 with 
the comparison of the logistic shape and the piecewise continuous one. 
 

 
(a) 

     
(b)                                                 (c) 

Figure 8. Fitting with (a) logistic function, (b) logistic function coupled with a second-order polynomial function and (c) the piece-
wise continuous function. 
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Table 14. Experimental data of extended grinding up to 130 minutes of grinding. 

Time 10 20 30 40 50 60 70 80 100 110 120 130 

Blaine 1065 1287 2049 2477 2764 2994 3202 3479 3632 3500 3480 3350 

 
 The Logistic function:  

( ) ( )0.05773515.7 1 4.5405e tS t −= +  

SSE = 1.2088 × 105: R2 = 0.9859: Adj R2 = 0.9828: RMSE = 115.8944  
 The Coupled function: 

( ) ( ) ( )159.9338 2183.1247 1 22.2637e 0.3090 63.0240 183.7625tS t t t−= − + − + +  

SSE = 8.3438 × 104: R2 = 0.9903: Adj R2 = 0.9821: RMSE = 117.9252  
 The piecewise continuous function:  

( ) ( )0.0518
1 3667 1 4.2733e ttS t −= +  & ( ) ( )2

2 10.3111 100 3622.2S t tt= − − +  

tt = 0:0.001:105 & tt1 = 105:0.001:140 
This model of piecewise continuous function helps to optimize the rock 

grinding process by taking into account the change of particle behavior accord-
ing to the grinding time. A simple model based on a logistic, logarithmic or pa-
rabolic curve would not be accurate enough to follow this change. On the other 
hand, a more elaborate model based on a curve that changes shape according to 
the grinding time could give you more reliable and performant results. 

4. Discussions 

This study aimed to characterize the grinding kinetics of four types of rocks 
(clinker, dolerite, basalt and metabasalt) using the Blaine-specific surface area as 
a criterion. Four mathematical models (logarithmic, logistic, quadratic poly-
nomial and two-component exponential) were applied to model the grinding 
curves and evaluate their relevance. The factor responsible for the non-linearity 
of the evolution of Blaine as a function of time was identified. This study hig-
hlighted the differences in grinding kinetics between four types of rocks used in 
the cement industry. It showed that clinker is the most resistant to grinding, 
which requires significant time and energy to obtain a sufficient Blaine-specific 
surface area. These results are in agreement with those of Benzer et al. [66] [67] 
who also observed that clinker is the most difficult material to grind among the 
cement components. It would therefore be interesting to study the effect of 
co-grinding and grinding aids on reducing the residence time and energy cost of 
clinker grinding, as suggested by Gao et al. [68]. The other rocks (dolerite, basalt 
and metabasalt) have faster grinding kinetics, but they are limited by a peak time 
beyond which grinding becomes inefficient. It would therefore be necessary to 
control the residence time in the mill to avoid the re-agglomeration of particles 
and the loss of Blaine-specific surface area [69]. 

These four mathematical models are then compared to fit the grinding curves 
and evaluate their performance. It was revealed that the two-component expo-
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nential model is the most suitable for most rocks, except for the basalt which is 
better described by the quadratic polynomial model. The logistic and logarith-
mic models are the least suitable for all types of rocks. These results suggest that 
the grinding kinetics of particles in a mill is not linear, but follows a complex 
evolution that depends on the type of rock, the particle size, the comminution 
forces and the agglomeration phenomena induced by Van der Waals forces 
among others. A coupled logistic and parabolic model could be more appropri-
ate to represent the grinding kinetics of particles, as it incorporates this inflec-
tion that underlies the different factors influencing the grinding process, as pro-
posed by Austin et al. [70]. 

5. Conclusion and Perspectives 

This study highlights the essential role of grinding granular materials in the ce-
ment industry, which allows modifying the specific surface area, the particle size 
distribution and the shape of the particles, which determine the physico-chemical 
and mechanical properties acquired by the materials. The study examines the 
main challenges related to the cohesion, aggregation and agglomeration of par-
ticles, which condition the performance and energy consumption of grinding. It 
suggests solutions adapted to the type of mill used (ball mill or horizontal mill), 
such as controlling the particle size, limiting the residence time, co-grinding, 
using grinding aids or additives, and adjusting the rotation speed of the mill or 
the geometry and mass of the balls. It also presents methods of optimizing the 
grinding process, based on the knowledge of comminution laws and interactions 
due to van der Waals forces, through mathematical modeling. Finally, it demon-
strates the possibility of using local and reactive natural rocks as substitutes for 
clinker, with environmental, performance and economic benefits. 
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