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ABSTRACT 
 
In this paper, a self starting five step Continuous Block Hybrid Adams Moulton Method (CBHAM) 
with three off-grid points is developed using collocation and interpolation procedures. The predictor 
schemes are then expanded using Taylor’s series expansion. Multiple numerical integrators were 
produced and arrived at some discrete schemes. The discrete schemes are of uniform order and 
are assembled into a single block matrix equation. These equations are simultaneously applied to 
provide the approximate solution for stiff initial value problems for ordinary differential equations. 
The order of accuracy and stability of the block method is discussed and its accuracy is established 
numerically. 
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1. INTRODUCTION 
 

Consider the first order initial value problems of 
the form 

 

 
   '

0 0, , , [ , ]y f x y y x y x a b  
       (1) 

 

The solution is in the range bxa  , where a  

and  b  are finite and we assumed that f

satisfies Lipschitz condition, which guarantees 
the existence and uniqueness of solution of the 
problem (1). 

 

The discrete solution of (1) by linear multi-step 
methods has being studied by authors like [1] 
One important advantage of the continuous over 
discrete approach is the ability to provide 
discrete schemes for simultaneous integration 

 

These discrete schemes can as well be 
reformulated as general linear method (GLM) [2]. 

 

Many researchers have worked on the 
development of continuous linear multi-step 
method in finding solution to (1). These scholars 
proposed methods with different basis functions, 
among them are, [3,4,5], to mention few. These 
block methods are self- starting and can directly 
be applied to stiff problems.  

 

In this paper, we present the construction of five 
step continuous block general linear method with 
three off-grid points. The derived schemes will be 
applied in a block form. 

 

2. DERIVATION OF THE METHODS 

 
We define the K-step continuous Hybrid formula 
to be of the form  
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Where t and s denote the number of interpolation 
and collocation points respectively and nh  the 

variable step-size which is valid in the k-step, 

knn xxx  . Note that, 
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The polynomial p ,...,1  are given bases and 

1 stp  is the degree of the polynomial 

interpolation Y and the collocation points 
siCi ,...,1,  and ijC are element of an inverse 

matrix C , for the initial value problems given in 
the form of (1).   

 

The formulas in equations (2), (3) and (4) are 
obtained from the multi-step collocation following 
[6] which was a generalization of [1]. The 
expansion of 
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Starting with (5) and imposing the following 
conditions 
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Putting (6) in matrix form, we have  

 

ICA                                                    (7) 

 

where  is the identity matrix of appropriate 
dimension 
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We call A  the multi-step collocation and interpolation matrix which has a very simple structure and of 
dimension (t+m) × (t+m). As can be seen the entries of C  are the constant coefficients of the 
polynomial given in (2) which are to be determined. 
 
 

3. SPECIFICATION OF THE METHODS 
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The parameters required for equation (10) are k=5, t=1, m=k+3 
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3.1 The Continuous General Block Method: Case K=5, with 3 Off-grid Points 
 
The collocation matrix A is given by 
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Similarly, we invert the matrix A  in equation (1) above , which leads to the following Continuous 
scheme. 
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stable and  L-stable by the analysis in the section below. 
 
Therefore, the hybrid block method is: 
 




















nnnn

nnnnn
nn

ffff

fffffh
yy

52917767643051523168022802950

22258304140669505401280101870522823

2268000 12/32

2/532/745
1        

 

Order P =9, 113400

23
10 C

 
 




















nnnn

nnnnn
nn

ffff

fffffh
yy

834299113045852232736034977150

34357248217716508372160158053535451

3584000 12/32

2/532/745
2/3       

 

Order P =9, 36700160

211638773
10 C

 
 





















nnnn

nnnnn

nn
ffff

fffffh
yy

330144456858521601436150

1376128869150333760629601411

141750 12/32

2/532/745

2

 
    

 Order P =9, 44800

9
10 C

 
 




















nnnn

nnnnn
nn

ffff

fffffh
yy

54077573101251402400024133750

21831680141062505432000102587523015

2322432 12/32

2/532/745
2/5

    

Order P =9, 594542592

119125
10 C

 
 



 
 
 
 

Raymond et al.; JSRR, 4(6): 574-584, 2015; Article no.JSRR.2015.060 
 
 

 
580 

 





















nnnn

nnnnn

nn
ffff

fffffh
yy

652188065168640289350

2545921773506624012465279

28000 12/32

2/532/745

3

 

Order P=9, 44800

9
10 C

 
 




















nnnn

nnnnn
nn

ffff

fffffh
yy

9655933130568095250550720430928050

3821404162781215508906912018046945408317

41472000 12/32

2/532/745
2/7

     

 

Order P =9, 26214400

5243
10 C

 
 





















nnnn

nnnnn

nn
ffff

fffffh
yy

16514222560424960727400

63692845440011776043010736

70875 12/32

2/532/745

4

 
 

Order P =9, 1607445000

77459101
10


C

 
 





















nnnn

nnnnn

nn
ffff

fffffh
yy

404565125152000298750

431120298750152000651254045

18144 12/32

2/532/745

5

  
 

Order P =9, 193133445

1865576447
10 C

 
                                                                                                                        (13) 

4. ANALYSIS OF THE NEW METHODS 
 

4.1 Consistence 
 

The block method (13) is consistent since it has order 19 p .  

 
4.2 Zero Stability 
 

Definition 4.1  
 
For n = mr for some integer m ≥ 0, a block method is said to be zero stable if the roots 

 kjRj ,...,1,   of the first characteristic polynomial 
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R=0, R=1 and by definition (4.1), the block hybrid method (13) is zero stable. 
 
4.3 Convergence 
 
The block method (13) is convergent by consequence of Dahlquist theorem below. 
 
Theorem 4.1: The necessary and sufficient conditions that a continuous LMM be convergent are that 
it be consistent and zero-stable.  
 
4.4 Region of Absolute Stability 
 
The stability polynomial for our method is given by 
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Using MATLAB software, the absolute stability region of the new method is plotted and shown in     
Fig. 1. 
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Fig. 1. Stability region of k=5 with three off-grid 
 
According to Lambert (1973), the stability region 
for L-stable schemes must encroach into the 
positive half of the complex z plane 
 

Note: the off-step points

2

3
n

x , 

2

5
n

x , 

2

7
n

x  are 

used as an additional collocation points to the 

earlier known ones nx , 1nx , 2nx , 3nx , 4nx  

and 5nx . This shows an L-Stable block hybrid 

method of order eight. 
 

5. NUMERICAL EXPERIMENTS 
 
The newly constructed method in equation (13) is 
tested on both mildly stiff and non-stiff IVP 
problems and the results are displayed in Table 1 
and Table 2 below. 
 
The following notations are used in the tables 
below. 
 
ERR-Exact Solution-Computed Result 
ESSI-Error in Skwame et al. (2012) 
EMY-Error in Mohammed and Yahaya [8] 
 

5.1 Problem 5.0.1   
 
Consider the mildly stiff IVP, 
 

yy ' , 1)0( y ,  01.0h , 10  
 

Exact solutions: 
xexy )(
 

 
[7] solved this problem. They solved the problem 
by adopting as L-stable hybrid block Simpson’s 
method of order six. 
 

5.2 Problem 5.0.2  
 
Consider the non-stiff IVP,   
 

yy ' ,   1)0( y ,   

Exact solutions: 
xexy )(
 

 
[8] Solved this problem, by adopting fully implicit 
four points block backward formula. 
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Table 1. Showing the result for mildly stiff problem 5.0.1 
 

x Exact solution Computed solution ERR ESSI 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 

0.9048374180359595 
0.8187307530779818 
0.7408182206817179 
0.6703200460356393 
0.6065306597126334 
0.5488116360940264 
0.4965853037914095 
0.4493289641172216 
0.4065696597405992 
0.3678794411714423 

0.9048374180555556 
0.8187307531134442 
0.7408182207298494 
0.6703200460937075 
0.6065306597783113 
0.5488116361653398 
0.4965853038666910 
0.4493289641950702 
0.4065696598198445 
0.3678794412511137 

1.959610e-011 
3.546241e-011 
4.813150e-011 
5.806822e-011 
6.567791e-011 
7.131340e-011 
7.528156e-011 
7.784862e-011 
7.924533e-011 
7.967133e-011 

6.28e-03 
1.88e-03 
3.26e-03 
1.06e-02 
3.85e-03 
1.45e-03 
5.02e-04 
2.76e-04 
1.01e-04 
3.74e-05 

 
Table 2. Showing the result for non stiff problem 5.0.2 

 
x Exact  solution Computed solution ERR EMY 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 

0.9048374180359595 
0.8187307530779818 
0.7408182206817179 
0.6703200460356393 
0.6065306597126334 
0.5488116360940264 
0.4965853037914095 
0.4493289641172216 
0.4065696597405992 
0.3678794411714423 

0.9048374180555556 
0.8187307531134442 
0.7408182207298494 
0.6703200460937075 
0.6065306597783113 
0.5488116361653398 
0.4965853038666910 
0.4493289641950702 
0.4065696598198445 
0.3678794412511137 

1.959610e-011 
3.546241e-011 
4.813150e-011 
5.806822e-011 
6.567791e-011 
7.131340e-011 
7.528156e-011 
7.784862e-011 
7.924533e-011 
7.967133e-011 

2.5292e-06 
2.0937e-06 
2.0079e-06 
1.6198e-06 
3.1608e-06 
2.7294e-06 
2.5457e-06 
2.1713e-06 
3.1008e-06 
2.7182e-06 

 

6. DISCUSSION OF THE RESULTS 
 
We have considered two numerical examples to 
test the efficiency of our method. [7] solved 
problem 5.1. They adopted an L-Stable hybrid 
block Simpsons’ method of order six. The new 
method gave a better approximation because the 
proposed method is self-starting and does not 
require starting values. [8] solved problem 5.2. 
They proposed a fully implicit four-point block 
backward difference formula. Our new method 
also gave better approximation. 
 

7. CONCLUSION 
 
We proposed an order nine continuous hybrid 
block method for the solution of first order 
ordinary differential equations. Our method was 
found to be zero stable, consistent and 
convergent. The numerical examples considered 
showed that our method gave better accuracy 
than the existing methods. 
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